Abstract. In the paper we study the uniqueness problems of meromorphic functions whose certain nonlinear differential polynomials share certain value or fixed point with finite weight and obtain two theorems which improve two recent results due to S.S.
Introduction, definitions and results
In this paper, by meromorphic functions we will always mean meromorphic functions in the complex plane. We adopt the standard notations in the Nevanlinna theory of meromorphic functions as explained in [5, 16, 19] . Let E denote any set of positive real numbers of finite linear measure, not necessarily the same at each occurrence. For a nonconstant meromorphic function f , we denote by T (r, f ) the Nevanlinna characteristic of f and by S(r, f ) any quantity satisfying S(r, f ) = o{T (r, f )}(r → ∞, r ∈ E ). We denote by T (r ) the maximum of T (r, f ) and T (r, g ), by S(r ) any quantity satisfying S(r ) = o{T (r )} (r → ∞, r ∈ E ).
Let f and g be two nonconstant meromorphic functions. We say that f and g share the value a CM (counting multiplicities), if f − a and g − a have the same zeros with the same multiplicities. Similarly, we say that f and g share the value a IM, provided that f − a and g − a have the same zeros ignoring multiplicities. A finite value z 0 is a fixed point of f (z) if f (z 0 ) = z 0 . Throughout this paper, we need the following definition.
where a is a value in the extended complex plane.
In 1999 I. Lahiri [6] studied the uniqueness problems of meromorphic functions when two linear differential polynomials share the same 1-points. In the same paper regarding the nonlinear differential polynomials Lahiri asked the following question.
What can be said if two nonlinear differential polynomials generated by two meromorphic functions share 1 CM ?
Afterwards research works concerning the above question have been done by many mathematicians and continuous efforts are being put in to relax the hypothesis of the results. {cf.
[1], [3] , [4] , [10] , [11] , [12] , [13] , [14] }.
In 2004 W.C. Lin and H.X. Yi [11] proved the following results which corresponded to the above question.
Theorem A. Let f and g be two nonconstant meromorphic functions satisfying
Theorem B. Let f and g be two nonconstant meromorphic functions, n ≥ 13 an integer. If
In the same year W.C. Lin and H.X. Yi [12] considered the fixed point sharing and extended Theorems A and B as follows.
Theorem C. Let f and g be two transcendental meromorphic functions, n ≥ 12 an integer.
If
, where h is a nonconstant meromorphic function.
Theorem D.
Let f and g be two transcendental meromorphic functions, n ≥ 13 an integer. If
In 2008 X.Y. Zhang, J.F. Chen and W.C. Lin [20] studied the uniqueness problem of meromorphic functions considering some general differential polynomials and proved the following result which also extends Theorems A and B.
Theorem E. Let f and g be two nonconstant meromorphic functions, let n and m be two
positive integers with n > max{m +10, 3m +3}, and let Now one may ask the following question which is the motivation of the paper.
Question 1.1. Is it possible simultaneously to relax the nature of sharing the value or fixed point and reduce the lower bound of n in Theorems G and H ?
In the paper we will affirmatively solve the above question. Relaxation of the sharing can be done by the following definition known as weighted sharing of values introduced by I.
Lahiri [7] which measure how close a shared value is to being shared CM or to being shared IM. We write f , g share (a, k) to mean that f , g share the value a with weight k. Clearly if f ,
Also we note that f , g share a value a IM or CM if and only if f , g share (a, 0) or (a, ∞) respectively.
We now state the main results of the paper. 
(ii) l = 1 and n > max{m + 1 + 2m/s, 3m/2 + 3/2 + 21/2s };
(iii) l = 0 and n > max{m + 1 + 2m/s, 4m + 4 + 18/s}. 
where l (≥ 0) is an integer. Then the conclusions of Theorem E hold in each of the following cases.
(iii) l = 0 and n > max{m + 1 + 2m/s, 4m + 4 + 18/s}.
Remark 1.2. Theorem 1.2 is a two fold improvement of Theorem H.
Though the standard definitions and notations of the value distribution theory are available in [5] , we explain some definitions and notations which are used in the paper. 
Clearly N 1 (r, a; f ) = N (r, a; f ).
Lemmas
Let f and g be two nonconstant meromorphic functions defined in the open complex plane C. We denote by H the function as follows:
Lemma 2.1 ([15] ). Let f be a transcendental meromorphic function, and let P n ( f ) be a polynomial in f of the form
where a n ( = 0), a n−1 ,. . . , a 1 , a 0 are complex numbers. Then
Lemma 2.2 ([17]). Let f be a nonconstant meromorphic function. Then
N r, 0; f (k) ≤ N (r, 0; f ) + k N (r, ∞; f ) + S(r, f ).
Lemma 2.3 ([7]
). Let f and g be two nonconstant meromorphic functions sharing (1, 2) . Then one of the following three cases hold:
Lemma 2.4 ([1])
. Let f and g be two nonconstant meromorphic functions that share (1, m) and H ≡ 0. Then 
Proof. If possible, we assume that 
Let z 1 ( = 0, ∞) be a zero of P ( f ) of order p 1 and be a zero of f − d i of order q i for i = 1, 2, . . . , p.
Then p 1 = l i q i for i = 1, 2, . . . , p. Then z 1 is a pole of g with multiplicity q(≥ s), say. So from (2.1) we get
i.e.,
Suppose that z 2 ( = 0, ∞) be a pole of f . Then from (2.1), z 2 is either a zero of g n P (g ) or a zero of g ′ . Therefore
where N 0 (r, 0; g ′ ) denotes the reduced counting function of those zeros of g ′ which are not the zeros of g P (g ). Then by the second fundamental theorem of Nevanlinna we get
Adding (2.3) and (2.4) we obtain
contradicting with the fact that (n + m − 1)p > 2m(1 + 1/s). This proves the lemma. Proof. Since f and g be two transcendental meromorphic functions we have
Therefore using Lemma 2.1 we obtain
and similarly
This proves the lemma. Proof. Noting that f and g be two transcendental meromorphic functions the proof of the lemma can be carried out in the line of the proof of Lemma 11 [13] . 
Therefore by Lemma 2.1 we obtain
Similarly
(n + m + 1)T (r, g ) ≤ (2m + 2 + 9/s)T (r ) + S(r ).
Combining the above two inequalities we get
which contradicts the fact that n > max{m +1+2m/s, m +1+9/s}. Therefore by Lemma 2.3 we
by Lemma 2.6, using Lemma 2.10 we obtain 
This completes the proof of Case 3.1. 
/s)T (r, g ) + S(r, f ) + S(r, g ).

So by Lemma 2.1 we get
(n + m + 1)T (r, f ) ≤ (5m/2 + 5/2 + 21/2s )T (r ) + S(r ).
Similarly
(n + m + 1)T (r, g ) ≤ (5m/2 + 5/2 + 21/2s )T (r ) + S(r ).
Combining the above two inequalities we obtain
(n − 3m/2 − 3/2 − 21/2s )T (r ) ≤ S(r ), a contradiction with the fact that n > max{m +1+2m/s, 3m/2+3/2+21/2s }. Therefore H = 0. 
